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Problem Formulation

Let V' := {0,1,...,n} denote the set of nodes and IT := V! denote the sequence space of all candidate
solutions of length T". A wide range of constrained routing problems can be written as
Hlil[[l f(m;P), st. ¢(mP)<0, d(mP)=0. (1)
TE

Here d(m;P) = 0 enforces validity constraints such as visiting each node exactly once, and ¢(m; P) < 0 repre-
sents complex hard constraints such as time windows or draft limits.

The feasible set is
C={mell: ¢(mP) <0, dmP)=0}.

In this paper, we focus on two representative problems:
= TSPTW: traveling salesman problem with time windows.

= TSPDL: traveling salesman problem with draft limits.

A Distribution Approximation View

Let IT* be the optimal solution set and f*(P) be the optimal objective value. The target distribution over

optimal solutions is |
¢ (m;P) = Lo+ (m).
1|

Since ¢* is inaccessible, we approximate it by the constrained Gibbs distribution

g\(T; P) = ZiAeXp (_f(ﬂ;P))\— f*(P)> Le(m),

where 7, .= ) __exp(—(f(m;P) — f*(P))/A). Moreover,
(T P) = ¢*(m; P), A — 0.

We then learn a parameterized probabilistic model py(7; P) by minimizing the KL divergence to ¢):

KL(pol|03) = B [lo8 ] + 1 [ P)] + loa 23 — f*(P).

Discarding 8-independent terms gives the equivalent optimization problem

min - L6 P) = Ep,.p) (7 P)] + ARy, py log po(m: P)).

Why Existing Neural Solvers Are Insufficient
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Existing neural constructive solvers employ an auto-regressive policy

T—1
pe(W;P) — Hpe(ﬂtﬂ | 7Tl:t;73)7
t=1

and handle constraints by masking infeasible actions in a one-pass forward decoding framework.

For complex hard constraints, this framework is inherently limited:

= Local feasibility only. Masking certifies the admissibility of the current partial solution, but not whether
the residual subproblem still admits a feasible completion.

= Irreversibility demands lookahead. In one-pass forward decoding, each decision is irrevocable, so
preserving future feasibility may require substantial lookahead.

= Lookahead remains insufficient. Deeper lookahead is computationally expensive and may still fail to
certify a feasible completion.

Therefore, the main challenge is to learn a probabilistic model that can generate high-quality feasible solu-
tions while explicitly handling feasibility failures during decoding.
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Backtracking Analysis

1. Algorithm innovation. We propose the LazyMask decoding algorithm, which lazily refines feasibility
masks by backtracking, together with the refinement intensity embedding (RIE) to encode the search
trace into the decoder.

2. Theoretical guarantee. We provide a systematic formulation of masking through the potential set,
prove the validity of LazyMask, and establish probabilistic optimality guarantees for the learned model
with entropy regularization.

3. Experimental results. On TSPTW and TSPDL, LMask substantially improves feasibility and solution
quality over existing neural constructive baselines, while remaining fast and robust on benchmark and
large-scale instances.

github.com/optsuite/LMask
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These features are concatenated and then projected to form the final RIE. In this way, RIE makes the decoder

explicitly

Runtime grows nearly linearly with R, infeasibility drops sharply at small budgets, and TSL reaches zero

aware of the refinement history induced by backtracking.
4 Y 8 solution infeasibility on hard TSPTW-100 within about 30 seconds.

Training problem with /; Penalty

With a finite backtracking budget, LMask is trained by

where

Here p >

Take-Home Message

min B0 [V,(7: P) + Alog ps(m; P)] - Laznyask re!olaces |rreYerS|bIe one-pass masking with a forward-b.ackwa.rd decoding process..
¢ = RIE is essential for making the decoder aware of the refinement history induced by backtracking.

J = LMask provides a principled bridge between constrained Gibbs approximation, feasibility-aware
U, (m;P) = f(m;P)+p Z max(c;(m; P), 0). decoding, and strong empirical performance.
J=1 = Across TSPTW and TSPDL, LMask achieves a better trade-off among feasibility, solution quality, and

0 is the penalty parameter and c;(r; P) denotes the violation of the j-th complex constraint. inference time than existing neural constructive methods.
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